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Abstract 

Assuming equal tree-level Majorana masses for the standard-model neutrinos, ei- 
ther from the canonical seesaw mechanism or from a heavy scalar triplet, I discuss how 
their radiative splitting may be relevant to neutrinoless double beta decay and neutrino 
oscillations. 



• Talk given at the International Conference on Non- Accelerator New Physics, Dubna, Russia 
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1 Introduction 



In this talk I will first discuss[|^] two equally simple mechanisms for small Majorana neutrino 
masses, one famousf^ and one not so famous]^. 1 will then mention briefly how they are 
related to neutrinoless double beta decay and neutrino oscillations. My main focus will be 
on the possibility of nearly mass-degenerate neutrinos and their radiative splitting due to 
the different charged-lepton masses. In particular, I show|^ how a two- fold neutrino mass 
degeneracy can be stable against radiative corrections. I finish with three examples: (1) a 
two-loop explanation^] of vacuum (Am^)soi, (2) a one-loop connection]^] between {Am'^)atm 
and vacuum {Am'^)soi, and (3) a one-loop explanation]^ of small-angle matter-enhanced 
(Am^)soi with the prediction 0.20 eV < rrij, < 0.36 eV. 

2 Origin of Neutrino Masses 

In the standard model, leptons are left-handed doublets {i'i,li)L ~ (1)2,-1/2) and right- 
handed singlets Im ~ (1,1,-1) under the gauge group SU{?>)c x SU{2)l x U{1)y- The 
absence of the gauge singlet ~ (1, 1,0) implies that rriy. = 0. However, since the Higgs 
scalar doublet $ = (</)+,</)°) ~ (1,2, 1/2) exists, there is a unique 5-dimensional operator|p 

A-VV"'^.'^, (1) 

for nonzero Majorana neutrino masses. The underlying theory which realizes this operator is 
usually assumed to be that of the seesaw mechanism^]. In other words, the gauge-invariant 
operator 

(A, -</)+/,,) (Ai-</'+^i) (2) 

is obtained by inserting a heavy Majorana fermion singlet as the intermediate state, as 
illustrated in Fig. 1 below. 
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Fig. 1. Tree-level realization of the effective operator (2) with heavy fermion singlet. 

The resulting neutrino mass matrix is then given by 

(■M.).. = (3) 

where fi are Yukawa couplings of z/j to N, v = (0°), and M is the mass of A^. On the other 
hand, the expression in (2) can be rewritten as|l|, |^ 

0V°z/iZ/,- - 0+0° (z/,/,- + ki^j) + <P+<pnilj, (4) 

which allows the insertion of a scalar triplet (^++,^+,^°) as the intermediate state, as illus- 
trated in Fig. 2 below. 




Fig. 2. Tree- level realization of the effective operator (4) with heavy scalar triplet. 
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The neutrino mass matrix is now given by 



2fijij,v 
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(M.h = (5) 

where fij are the Yukawa couphngs of z/j to uj, fi is the trihnear couphng of ^ to $$, and M 
is the mass of ^. The alternative way to understand this mass is to note that acquires a 
nonzero vacuum expectation value in this model given by m = — /if ^/M^. In other words, in 
the limit where is positive and large, it is natural for u to be very small. This method 
for generating small Majorana neutrino masses is as simple and economical as the canonical 
seesaw mechanism. To obtain the most general 3x3 neutrino mass matrix, we need 3 iV's 
in the latter, but only one ^ in the former. 

3 Neutrinoless Double Beta Decay and Neutrino Os- 
cillations 

Let the {ue, ^fi, J^r) mass matrix have eigenvalues mi, 2,3 with = J2i Ueii^i, then 

Mee = Y.Ue^m,Ul = Y.U',,m, (6) 

i i 

is what is being measured in neutrinoless double beta decay. The most recent result from 
the Heidelberg-Moscow experiment is0 Aiee < 0.2 eV. Note however that since U^ifrii may 
be of either sign for each i, Aiee does not constrain \mi\ without further information. For 
example, consider 

cos^ + sin^ sin^cos0(m2 — mi) 



M 



(7) 



sin6'cos0(m2 — mi) sin^ ^mi + cos^ 6'm2 
which tells us that z/g = cos6'z/i + sin^z/2. Now if mi > 0, m2 > 0, then mi < Aiee] but if 
mi < 0, m2 > |mi|, then there are no individual upper bounds on |mi| or m2. 

In neutrino oscillations, the parameters accessible to experimental determination are 
Amfj = mf — m'j and Uai, hence the sign of m, is irrelevant there. The sign of Am?^ is 



important in matter-enhanced oscillations [|I^ because neutrino and antineutrino forward 
scattering amplitudes in matter have opposite signs. 



4 Nearly Mass-Degenerate Majorana Neutrinos and 
Their Stability Against Radiative Corrections 



Suppose neutrinos are Majorana and are equal in mass: 

v, = Ulv, + Ulv^ + Ulvr, ^ = 1,2,3, (8) 

and mi = 1112 = m^. Since me, m^, and m^ are all different, this degeneracy cannot be 
exact. In other words, splitting must occur, but how? This question has two answers. 
(1) Depending on the specific mechanism by which the neutrinos become massive, there are 
finite radiative corrections to the mass matrix itself 0, |^, (2) There are model-independent 
wavefunction renormalizations which shift the values of the mass matrix from one mass scale 
to another [O. 



The stability of neutrino mass degeneracy against radiative corrections depends [|, [12 
the symmetry of the mass matrix. Consider 

M -- 



on 



(9) 



then 



Am = imee + mau)\/imee-rnuuy + 4mli^. 



''ee I '"'fifijy \i"'ee '"'fifi 

Thus Am^ = has two solutions. One is 

m 

M 



(10) 



m 

then the effect of radiative corrections is to shift it by 4m^((5^ — 6e)- This is inherently 
unstable. The other is 

M = 



m m 
m' — m 



(12) 
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then the shift is Am\/m? + m'^{Sn — 5e)- This is stable as long as m « m' and is easily 
understood because the m = limit corresponds to the existence of an extra global Le — 
symmeytry for the entire theory. 



5 Two-Loop Example 



Choose the canonical seesaw mechanism for obtaining neutrino masses. Impose a global 
SO (3) symmetry so that {ui, and Ni^ with z = +, 0, — are triplets. Invariants are then 



and 



f[{v+N+ + voNo + z/_Ar_)0O - + foA^o + LAr_)0-] + h.c. 



M{2N+N_ - NqNo) 



(13) 



(14) 



Assume 5*0 (3) invariance for / to be valid at the electroweak symmetry breaking scale [i.e. 
no renormalization correction from different z/j's.] Let itld = f{<j)^) « M and itlq = mj^/M, 
then 



-mo 
= -mo 
mo 

in the basis (z/+, z/_, i/o)- Now choose /+ = e so that J^ee = 0, and let 

/_ = CyU + ST, Iq = CT — Sfi, 



(15) 



(16) 



where c = cos 6, s = sin 6. 

This model]^ differs from the standard model only in the addition of 3 heavy A^'s. The 
effective low-energy theory differs at tree level only in the appearance of 3 nonzero, but 
equal, neutrino masses. This degeneracy is then lifted in two loops [T^, as illustrated in 
Fig. 3 below. 
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Fig. 3. Two-loop radiative breaking of neutrino mass degeneracy. 



The leading contribution to the above two-loop diagram is universal, but the effects of 
the charged-lepton masses show up in the propagators, and since is the largest such mass, 
the radiative splitting is proportional to m^. The neutrino mass matrix of Eq. (15) is now 
corrected to read 

—mQ — s^I —scl 

—mo — s^J scl 

scl niQ + 2c^I 



where 



-scl 



(17) 



2567r4 



g - -1 mo = 3.6 X 10 ^ mo. 



(1^ 



and the eigenvalues are —mo — s^J, mg, and mo + (1 + c^)I . Let << 1, then v^. oscillates 
mostly into with 

, 1 1 Am^L , , 

P(z/e^Z/e) = T^ + ;^COS— — , (19) 



where Am^ = 2s^mo/ = 7.2 x 10 ^ s^mg ~ 10 eV^, if s ~ 0.1 and mo ~ 1 eV. 

This example shows that a minimum splitting of the Majorana neutrino mass degeneracy 
in the canonical seesaw model is suitable for the vacuum oscillation solution of the solar 



neutrino deficit [|1J] . However, other effects may be larger, such as the renormalization of the 
viNjicj)^ vertex. 
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6 One-Loop Example I 



Choose the heavy scalar triplet ^ for generating small Majorana neutrino masses. Impose a 
discrete 5*3 symmetry, having the irreducible representations 2, 1, and V. Let (z^i,z^2) ~ 2, 
and z/3 ~ 1, then 

Cint = e°[/o(^^i^^2 + iy2iyi) + /s^^s^^s] + /^eW° + ... (20) 

Let (^°) =u = -/i(</)°)Vm|, then 






mo 





mo 














ms 



where mo = 2/om and = 2/3M. Now choose z/i = so that again Aiee = 0, and let 

= CV^ - SUr, z/3 = CUr + SV^. 

This model allows the radiative splitting of the two-fold neutrino mass degeneracy to 
occur in one loop, as illustrated in Fig. 4 below. 
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/ \ 
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\ 



Fig. 4 One-loop radiative breaking of neutrino mass degeneracy. 
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Hence A4i, of Eq. (21) becomes 





mo(l + s^/) —scrriQl 
mo(l + s^J) —scm^I 

—scmol —scm-^I 7713(1 + 2c^/) 



(22) 



whose eigenvalues are 7/13(1 + 2c^I), and 



Tmo(l + s2/) T 



with 



/ 1 



1 



s^c^(?7io =F m^yP 
2(mo±m3) 



2 

mi 
In ^ 



(23) 



(24) 



V47r2 167rV ^2 

where the second term inside the parentheses comes from the shift of the neutrino wave- 
function renormahzation from m^ to M\y. Numerically, P << {mo — m^Y/{mQ + m^Y, 
hence 

(25) 



^12 



m5 — m 



2 ' 



where m,^ ~ m^ ~ 777,3 has been used. Thus a simple connection between atmospheric |[L5 
and solar neutrino vacuum oscillations is obtained: 

.2 \ 2 



(A7772),,,(A7772 



I atm 



2P = 4.9 X 10"^^ ( In^ 



mtism^2e) 



atm 



Mi 



This equality holds for the sample values of m^, = 0.6 eV, (sin^ 29) 



atm 



(26) 



1, 771^ = 1 TeV, 



{Am^)soi 
eV.l 



4 X 10-1° eV^, and (A7712 



I atm 



4 X 10-3 eV^. [If = lO^^ GeV, then m. 



0.2 



This example shows that it is possible to have a one- loop effect, but which appears only 
in second order because of nondegenerate (7770 7^ 7773) perturbation theory. In the previous 
example, the effect is two-loop but it occurs in first order because of degenerate perturbation 
theory. 
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7 One-Loop Example II 



This model|^ is a variation of Example I, with uiUi + h'21'2 as an invariant, say under S0{2). 
Hence 

"mo " 

M^= mo(l + 2c2/) -sc(mo + m3)J , (27) 
— sc(mo + ms)/ m3(l + 2s^/) 

where i^i = i^e, ^2 = cv^ — sz^^, z/3 = cv^ + sz/,-. Now rotate vi and 1^2 shghtly by 6\ then 
the small-angle matter-enhanced solution to the solar neutrino deficit works for sin^ 26' ~ 
(2 - 10) X 10-3 and 

(Am^)i2 = Ac^Iml ~ (3 - 10) x 10"^ eV^ (28) 



For & = 0.7, i.e. (sin^ 2e)atm = 0.84, and = 10^^ GeV, this implies 



0.20 eV < M,r < 0.36 eV. 



(29) 



Experimentally, the most recent Heidelberg- Moscow result is Aiee < 0.2 eV, but the 
expected sensitivity is only 0.38 eV, both at 90% confidence level. More data may see 
something or rule out the above prediction. 



8 Conclusions 

• Neutrino mass is equally natural coming from the seesaw mechanism or a heavy scalar 
triplet. 

• If z/e.^,r are nearly mass-degenerate, their radiative splitting may be suitable for solar 
neutrino oscillations. Details depend on the specific model, but the smallness of vacuum 
(Am^)so/ is only obtained in certain special cases. 
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